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UNIT-I 

 

Let X be an arbitrary set, which could consist of vectors in Rn, functions, 

sequences, matrices, etc. We want to endow this set with a metric; i.e a way to 

measure distances between elements of X. A distance or metric is a function d : X 

× X  R such that if we take two elements x, y   X the number d (x, y) gives us 

the distance between them. However, not just any function may be considered a 

metric: as we will see in the formal definition, a distance needs to satisfy certain 

properties. 

 

Definition 1.1 (Metric Spaces). Given a set X and a function d : X × X  R, we 

say that the pair M = (X, d) is a metric space if and only if d (·) satisfies the 

following properties: 

(1) (Non-negativeness) For all x, y   X, d (x, y) ≥ 0 

(2) (Identification) For all x, yX we have that d (x, y) = 0   x = y 

(3) (Symmetry) For all x, y   X, d (x, y) = d (y, x) 

(4) (Triangular inequality) For all x, y, z   X we have that 

 

(1.1)     d (x, z) ≤ d (x, y) + d (y, z) 

 

Property (1) just states that a distance is always a non-negative number. Property 

(2) tells us that the distance identifies points; i.e. if the distance between x and y is 

zero, it is because we are considering the same point. Property (3) states that a 

metric must measure distances symmetrically; i.e. it does not matter where we start 

measuring it. Finally, the triangular inequality is a generalization of the famous 

result that holds for the Euclidean distance in the plane. 



 

2. Examples of Metric Spaces 

2.1. Norms in vector spaces. Let X = Rn. The typical distance used is the 

Euclidean distance, defined as 

    

For this metric, all properties except (1.1) are trivially shown. The triangular 

inequality is a well known result from linear algebra, known as the Cauchy-

Schwartz inequality. However, this is not the only distance we could define over 

Rn. Consider the distance 

    

which is known as the “taxicab distance”. Another one we could use is the so 

called “max distance”, defined as 

    

where [1 : n]   {1, 2, · · · , n}. Notice that all this distances can be written as d (x, 

y) = N(x − y), for some function N : Rn  R. In general, one could define a lot of 

distances, based on different functions N(·) that one can come up with. In 

particular, sometimes we are interested in a subset of functions called norms. We 

will define them in a way that it applies to any vector space X (i.e. any space in 

which you can calculate x + y and  x with    R with the usual rules). 

 

Definition 2.1 (Norms). Let X be a vector space (e.g. X = Rn) and N : X  R. We 

say N(·) is a norm if the following four conditions hold: 



 

 

Exercise 2.1. Show that the functions are norms. 

 

Proposition 2.1. Let X be a vector space (e.g. X = Rn) and define dN : X × X  R 

as  

   

Then, MN = (X, dN) is a metric space. 

Proof. We need to prove each of the properties of a distance (from 1 to 4). 

Non negativity (1) : Easy, since N(·) ≥ 0 always 

Identification (2) : Follows from 

 

Symmetry (3) : Follows from 

 

Triangle inequality (4) : Take x, y, z   X : 

 

 

2.2. Functional Spaces. Probably the most important new concept will be the 

space X that consists of functions instead of vectors. The most important one is the 



so-called “supnorm metric” space: pick a norm N : Rm  R and a set A   Rn and 

define 

 

We define the metric space M   B (A, Rn) = (X, d ) as the set of bounded 

functions from A to Rm. Note that X is a vector space, defining the sum of 

functions as the point-wise sum; i.e. 

(f + g) (x) = f (x) + g (x) for all x   A 

since the sum of bounded functions is also bounded. Hence, if we show that the 

function 

 

is itself a norm for X, we can apply Proposition 2.1 to show B (A,Rm) is indeed a 

metric space. First, we need to show that N* (f) <   for all f X (i.e. it is a well 

defined object). This can be done since we are only taking functions that are 

bounded, and hence the supremum always exist (the so-called “Axiom of 

completeness” of the real numbers). Now, we show the properties of a norm. 

This follows from N being itself a norm. 

 

(a) follows from the fact that if N[f ( x̂ )] > 0 for some x̂   A, then the sup would 

have to also be strictly positive. (b) follows from N(·) being a norm (Property (ii) ) 

This comes from the homogeneity of the sup operator: 

 



where (c) follows from the fact that N is a norm. 

(iv) : Triangular inequality. 

 

  

  

and hence, B (A,Rm) is indeed a metric space. 
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